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A SHARP BOUND FOR THE NUMBER OF SETS
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In this paper we prove that if L is a set of k positive integers and {A1, . . . ,Am} is a
family of subsets of an n-element set satisfying |Ai ∩Aj | ∈ L, for all 1≤ i < j ≤ m, then

m≤
∑k

i=0

(
n−1

i

)
. The case k=1 was proven 50 years ago by Majumdar.

1. Introduction

Throughout this paper X will denote the set [n] = {1,2, . . . ,n} and L =
{l1, l2, . . . , lk} will denote a set of k arbitrary positive integers. Let A =
{A1,A2, . . . ,Am} denote a collection of subsets of X such that |Ai∩Aj|∈L
for all 1 ≤ i < j ≤ m. We will sometimes refer to A as an L-intersecting
family. In this paper we are concerned with finding upper bounds for |A|.
In particular, by modifying the results in [8] and [9], we prove that an L-
intersecting family of subsets of X has at most

∑k
i=0

(n−1
i

)
sets. The case

k=1 was proven 50 years ago by Majumdar [5].

2. Main Result

First we must digress and discuss notation.

Notation. Let
(X

k

)
denote all the k-element subsets of X. Let X∗ =

{x1,x2, . . . ,xn} be a collection of n variables and let
(X∗

k

)
(for k≥1) denote

the set of all k-term multilinear monomials from X∗ (e.g. x1x2 · · ·xk∈
(X∗

k

)
).
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Let ∑(
X∗

k

)
=

∑
xi1

xi2
···xik

∈(X∗
k )
xi1xi2 · · · xik

and let
(X∗

0

)
=1. Given L={l1, l2, . . . , lk} define

gL(y) =
∏

1≤i≤k

(y − li).

Since gL(y) is a monic polynomial in y of degree k, we can write it (by a
change of basis) in the form gL(y)=

∑k
h=0 ch

(y
h

)
, where c0, c1, . . . , ck are real

numbers independent of y, which we will call the coefficients of L.
Let

g∗L(x) = ck
∑(

X∗

k

)
+ ck−1

∑(
X∗

k − 1

)
+ · · ·+ c0

where the coefficients ci are the coefficients of L and x=(x1,x2, . . . ,xn). With
each set Ai∈A, we associate its characteristic vector vi=(vi1 ,vi2 , . . . ,vin)∈
R

n, where vij =1 if j∈Ai and vij =0 otherwise. Note that g∗L(vi)=gL(|Ai|).
For each Ai={i1, i2, . . . , it} a member of A, let A∗

i ={xi1 ,xi2 , . . . ,xit} be
a collection of |Ai| variables where xij ∈A∗

i if and only if ij ∈Ai. Let
(A∗

i
k

)
(for k≥1) denote the set of all k-term multilinear monomials from A∗

i . Let(A∗
i

0

)
=1.

Using the same coefficients as in g∗L(x) define g∗Ai
(x) = ck

∑(A∗
i

k

)
+

ck−1
∑( A∗

i
k−1

)
+ . . .+c0 where x=(x1,x2, . . . ,xn). Note that g∗Ai

(vi)=g∗L(vi)=
gL(|Ai|) and that g∗Ai

(vj)=gL(|Ai∩Aj|)=0 (for all j �= i).

Claim 1. The coefficients of L alternate in sign.

Proof of Claim 1. The proof is an induction on k. The basis case k=1 is
trivial. Let L̂={l1, l2, . . . , lk−1} and assume that our claim is true for gL̂(y).
Thus gL̂(y)=ck−1

( y
k−1

)
+ck−2

( y
k−2

)
+· · ·+c0

(y
0

)
with ck−2, ck−4, . . . all negative

and ck−1, ck−3, . . . all positive. Now gL(y)=gL̂(y)(y−�k) and note that �k≥k.
Thus

gL(y) = ck−1
k

k

(
y

k − 1

)
(y − (k − 1) + k − 1) + ck−1

(
y

k − 1

)
(−�k) +

+ ck−2
k − 1
k − 1

(
y

k − 2

)
(y − (k − 2) + k − 2) + ck−2

(
y

k − 2

)
(−�k) +

+ · · ·+ c0
(
y

0

)
y + c0

(
y

0

)
(−�k).
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So

gL(y) = ck−1 · k
(
y

k

)
+ ck−1 · ((k − 1)− �k)

(
y

k − 1

)
+

+ ck−2 · (k − 1)

(
y

k − 1

)
+ ck−2((k − 2)− �k)

(
y

k − 2

)
+

+ ck−3(k − 2)

(
y

k − 2

)
+ ck−3((k − 3)− �k)

(
y

k − 3

)
+ · · ·+ c0(−�k)

(
y

0

)

where the last term has the opposite sign of c0.

From now on we will view the multilinear polynomials g∗Ai
(x) as polyno-

mials from R
n to R.

Claim 2. The g∗Ai
(x)’s are linearly independent.

Proof of Claim 2. Suppose our claim is false, then there must exist some
linear combination of the g∗Ai

(x)’s equal to the zero polynomial, say:

(1) α1g
∗
A1

(x) + α2g
∗
A2

(x) + · · ·+ αmg
∗
Am

(x) = 0

For the moment treat the αi ’s as variables and let α=(α1,α2, . . . ,αm). For
Y ⊂X let LY (α)=

∑
j:Y ⊂Aj

αj and consider the linear system

(S1) LY (α) = 0 for all Y ⊆ X with 0 ≤ |Y | ≤ k

In [9] it was shown that if A is an L-intersecting family of subsets of X,
then S1 has only the trivial solution. Now let Y0 be an arbitrary subset in X
with |Y0|≤k and Y0⊂Ai for some i. Without loss of generality assume that
Y0 = {1,2, . . . ,r} and consider the monomial x1x2 · · ·xr. Make the following
substitution to the LHS of (1) for x=(x1,x2, · · · ,xn) let xi =y if i∈Y0 and
xi=0 otherwise. The LHS of (1) becomes a polynomial in y of degree r with
the coefficient of yr equal to cr LY0(α). Since this polynomial is equivalent
to the zero polynomial for all possible values of y, we see that this implies
that LY0(α) = 0. (Here we are using the fact that the coefficients of L are
nonzero and the same for all of the g∗Ai

’s.) Since this must hold true for all
Y ⊆ X with 0 ≤ |Y | ≤ k we see that α must be a solution to S1. Hence
α=(0,0, . . . ,0) and the g∗Ai

’s are linearly independent.

Let L={�1, �2, . . . , �k} with 1≤�1<�2<.. .<�k and let A={A1, . . . ,Am}
be an L-intersecting family with |Ai|≤|Aj | whenever i<j and assume that
|A1|>�1. All polynomials in n-variables discussed below will be considered
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as multilinear polynomials where each occurence of xp
i (p > 1) has been

replaced by xi. Let
fAi(x) =

∏
�j<|Ai|

(vi • x− �j)

where vi •x is the standard inner product in R
n(x= (x1, . . . ,xn)) and vi =

(vi1 , . . . ,vin) is the characteristic vector of Ai.
Note that fAi(vi) �= 0 and that fAi(vj) = 0 whenever j < i (since 02 = 0

and 12=1). It is easy to show that the fAi ’s are linearly independent.
We are now ready to prove our main result.

Theorem 1. If L = {�1, �2, . . . , �k} is a set of k positive integers and A =
{A1, . . . ,Am} is a family of subsets of an n-element set satisfying |Ai∩Aj|∈L,

for all 1≤ i<j≤m, then |A|≤∑k
i=0

(n−1
i

)
.

Proof. Let �1<�2<.. .<�k. Without loss of generality if |Ai|= �1 for some
i then we may assume that n /∈Ai.

We may also assume (after relabeling) that for 1≤ i≤ r,n /∈Ai and that
for i>r,n∈ Ai. Furthermore, we will assume that if r<i<j then |Ai|≤|Aj |.
For i=1, . . . ,m let us define a polynomial pi(x) in n variables as follows:

pi(x) = g∗Ai
(x) for 1 ≤ i ≤ r and pi(x) = fAi(x) for i > r.

From now on we will view all multilinear polynimials as polynomials from
R

n to R. Let P≤r={pi(x) :1≤ i≤r} and P>r={pi(x) : i>r}.
We have already shown that P≤r is a collection of linearly independent

polynomials and that P>r is also a collection of linearly independent poly-
nomials. We claim that P≤r ∪ P>r is a collection of linearly independent
polynomials. Suppose not. Then there must exist some linear combination
of the pi’s that equals the zero polynomial, say:

(2) α1p1(x) + . . .+ αrpr(x) + αr+1pr+1(x) + . . .+ αmpm(x) = 0

with some αi �=0 for some i≤r and with some αj �=0 for some j>r. Let j0 be
the least subscript greater than r such that αjo �=0. Substituting the char-
acteristic vector vj0 into the LHS of (2) we get αj0pj0(vj0)=αj0fAj0

(vj0)=0
which is impossible. Therefore the pi’s are linearly independent.

Label the sets in

(
X−{n}

0

)
∪
(
X−{n}

1

)
∪. . .∪

(
X−{n}
k−1

)
with the labels

Bi for i=1, . . . ,q =
∑k−1

i=0

(n−1
i

)
such that |Bi| ≤ |Bj| when i < j. Let wi be

the characteristic vector of Bi and let

hBi(x) =
∏

j∈Bi

xj
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for i>1. Note that the wi are in Ω={0,1}n.
For i= 1, . . . ,q let us define a multilinear polynomial gBi in n variables

as follows:
gB1(x) = xn − 1

and
gBi(x) = xnhBi(x)− hBi(x) for i > 1.

Clearly, the gBi ’s are linearly independent (use the fact that gBi(wi) �=0).
Next we claim that the polynomials in P≤r together with the gBi ’s is

a collection of linearly independent polynomials. Suppose not. Then there
must exist some linear combination of the pi’s (i ≤ r) and the gBj ’s that
equals the zero polynomial, say:

(3) α1p1(x) + . . . + αrpr(x) + β1gB1(x) + . . .+ βqgBq(x) = 0

with some αi �=0 and some βj �=0.
Suppose βj0 �=0 and assume that |Bj0|= t. Make the following substitu-

tion to the LHS of (3) for x=(x1, . . . ,xn) let xi=y if i∈Bj0∪{n} and xi=0
otherwise. Then the LHS of (3) becomes a polynomial in y of degree t+1
with the coefficient of yt+1 equal to βj0 . Since this polynomial is equivalent
to the zero polynomial for all possible values of y, we see that βj0 = 0 a
contradiction. Therefore the polynomials pi’s (i≤r) together with the gBj ’s
are linearly independent. It is also easy to see that the pi’s (with i> r) to-
gether with the gBj ’s is a collection of linearly independent polynomials (all
characteristic vectors vi=(vi1 , . . . ,vin)(i>r) have vin =1).

Finally, we claim that the pi’s together with the gBj ’s are linearly inde-
pendent. Suppose not. Then there must exist some linear combination of
the pi’s and gBj ’s that equals the zero polynomial, say:

α1p1(x) + . . .+ αrpr(x) + αr+1pr+1 (x) + . . .+ αmpm(x) + β1gB1(x) +(4)
+ . . .+ βqgBq(x) = 0

with some αi �=0 for i≤r, some αj �=0 for j>r, and some βk �=0.
Let j0 be the least subscript greater than r such that αj0 �=0. Substituting

the characteristic vector vj0 for x into equation (4) we have, αj0pj0(vj0) =
αj0fAj0

(vj0) = 0 and this is an contradiction. Therefore our pi’s and gBj ’s
are linearly independent. Now each gBj and pi can be written as a linear
combination of the multilinear monomials of degree ≤k. The number of such
monomials is

∑k
i=0

(n
i

)
. We have q =

∑k−1
i=0

(n−1
i

)
gBj ’s, thus m≤∑k

i=0

(n
i

)
−∑k−1

i=0

(n−1
i

)
=
∑k

i=0

(n−1
i

)
and we are done.

As a corollary we get the following well-known result of Frankl and Wil-
son [3].
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Corollary (Frankl and Wilson). Let L∗ be a collection of k non-negative
integers and let A={A1, . . . ,Am} be a collection of subsets of X. If |Ai∩Aj|∈
L∗ for all Ai,Aj ,∈A, then |A|≤∑k

i=0

(n
i

)
.

Proof. Suppose there exists a set L∗ = {0 = l1, l2, . . . , lk} and a set A =
{A1,A2, . . . ,Am} such that |Ai∩Aj |∈L∗, for all Ai,Aj ∈A but |A|>∑k

i=0

(n
i

)
.

Create a new collection of sets A′
={A′

1,A
′
2, . . . ,A

′
m} with A′

i=Ai∪{n+1}.
Then A′ is a collection of subsets of X ′=X∪{n+1} such that|A′

i∩A′
j|∈L=

{1, l2+1, . . . , li+1}, for all A′
i,A

′
j ∈A′ and |A′|>∑k

i=0

((n+1)−1
i

)
, which is a

contradiction.

3. Conjectures

Conjecture 1. Let p be a prime and let L and K be disjoint subsets of
{0,1,2, . . . ,p− 1}. Let A = {A1,A2, . . . ,Am} be a collection of subsets of
X = {1,2, . . . ,n} with the property that |Ai ∩Aj| mod p∈L (for i �= j) and
|Ai| mod p∈K. Then we claim |A|≤

( n
|L|
)
and this is best possible. (So far

we have |A|<
( n
|L|
)
+
( n
|L|−1

)
for n sufficiently large [8].)

The next conjecture can be considered as a Bollobas Type Theorem re-
lated to perfect graphs.

Conjecture 2. Let A= {A1,A2, . . . ,Am} and B= {B1,B2, . . . ,Bm} be two
collections of subsets of an n-element set. Let L={l1, l2, . . . , lk} be a collec-
tion of k positive integers. Assume that for i �= j we have |Ai ∩Bj| ∈L and
that |Ai∩Bi|=0, then we conjecture that m≤

(n
k

)
.

This bound is sharp – just take all k-element subsets and all n− k-
element subsets. This is related to perfect graphs via Padberg’s conditions
on p critical graphs. (Clique’s are the Ai’s and the independent sets are the
Bj’s and of course k=1).
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